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Abstract. Let be the free unitary associative ring freely gener- 

ated by an infinite countable set X — {xi,X2, . . . }. Define a left-normed 
commutator [xi,X2, ■ ■ ■ ,Xn] by [a,b] = ab — ba, [a,b,c] = [[a,b],c]. For 
n > 2, let r*-"' be the two-sided ideal in generated by all com- 

mutators [ai,a2, ■ ■ ■ ,an] {ai G It can be easily seen that the 

additive group of the quotient ring Z(X)/T^^-' is a free abelian group. 
Recently Bhupatiraju, Etingof, Jordan, Kuszmaul and Li have noted 
that the additive group of Z(X) /T'^^^ is also free abelian. In the present 
note we show that this is not the case for Z{X}/T'-'^K More precisely, let 
r'^'^' be the ideal in generated by T'^'*^ together with all elements 

[01,02,03] [04, as] (oi eZ{X)). We prove that r'^'^V?'^'*' is a non-trivial 
elementary abelian 3-group and the additive group of Z{X) fT^^''^^ is free 
abelian. 



1. Introduction 

Let Z be the ring of integers and let Z(X) be the free unitary associative 
ring on the set X = {xi \ i G N}. Then is the free Z- module with 

a basis {xi-^Xi^ . . . Xi^ \ k > 0,ii £ N} formed by the non-commutative 
monomials in xi,X2, ■ ■ ■ ■ Define a left-normed commutator [xi,X2, ■ ■ ■ , Xn] 
by [a,b] = ah — ha, [a, 6, c] = [[a, 6],c]. For n > 2, let T^") be the two-sided 
ideal in Z(X) generated by all commutators [ai,a2, . . . ,a„] (oj € Z(X)). 

It is clear that the quotient ring /T^^^ is isomorphic to the ring Z[X] 
of commutative polynomials in xi,X2,-... Hence, the additive group of 
Z(X)/T(^) is a free abelian group. Recently Bhupatiraju, Etingof, Jordan, 
Kuszmaul and Li [2J have noted that the additive group of Z{X)/T^^^ is 
also free abelian. In the present note we show that this is not the case for 
Z{X)/T(^\ 

Our first result is as follows. 

Theorem 1.1. Let v = [xi,X2,x^][x4,X5]. Then 3v € T^^^ but v ^ T^^\ 

Let T*^^'^^ be the two-sided ideal of the ring Z(X) generated by all elements 
[01,02,03,04] and [01, 02, 03] [04, 05] where Oj G Z{X). Clearly, T^^^ C T^^''^\ 

Note that the ideal T^'^^ is closed under all substitutions Xi ^ Oj (i G 
N, Oj G Z{X)). By Theorem II. II we have 3 [02, 03, 04][a5, og] G T^^^; it follows 
that 3 oi [02,03, 04] [05, oe] 07 G T^^^ for all Oj G Z{X). Thus, we have 
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Corollary 1.2. r(3.2)/T(4) 

is a non-trivial elementary ahelian 3-group. 

Our second result is as follows. 

Theorem 1.3. The additive group of the quotient ring 'Z{X) /T^^'"^^ is free 
ahelian. 

Thus, the additive group of the ring 7L{X) jT^^^ is a direct sum of a non- 
trivial elementary abelian 3-group T^^'^'^ ^nd a free abelian group iso- 
morphic to Z(X)/T(3'2). 

Let = {xi, ...,Xra}(lX- then Z{X^) C Z(X). Let T^f^ = Z(X^) n 
r(4), ri?'2) = Z{Xm) n r(3.2). By Theorem [ni T^^ C r^f-^) if ^ > 5. 

Proposition 1.4. /fm = 2,3,4 thenTm^ = Tm''^\ In particular, form < 4 
the additive group of 'Ij{X„i) /Tm'^ is free abelian. 

Define 7„ = 7n(Z(X)) by 71 = Z{X), 7„+i = [7n,Z(X)] (n > 1). Then 
7n is the n-th term of the lower central series of Z(X) viewed as a Lie ring. 
Clearly, T^") is the two-sided ideal of generated by 7„. 

Proposition 1.5. Let w = [xi[x2, X3, X4], X5]. Then w € 73, 6w G 74 
If ^ 74. 

Thus, w + 74 is a non-trivial element of finite order (dividing 6) of the 
additive group of the quotient 73/74. 

Let / G Z(X) be a multihomogeneous polynomial. It was conjectured 
in [2j that if / + 7^+1 is a torsion element in 7//7/+1 then the degree of / 
is at least / + 3 (Conjecture 5.3) and the degree of / with respect to each 
generator multiple of the order of /+7;+i (Conjecture 5.2). Since w is 

of degree 5 and has degree 1 with respect to each Xj, 1 < i < 5, Proposition 
11.51 gives a counter-example to these conjectures. 

Proof of Proposition \1.5i By the identity (14) of [6], we have w G 73. It 
can be deduced from the proof of [H Lemma 6.1] that 6w G 74. On 
the other hand, w = xi[x2,X3,X4,X5] + [xi, X5][x2, X3, X4] ^ T^^^ because 
xi[x2, X3, X4, X5] G T(^) and, by Theorem [LTI [xi, X5][x2, X3, X4] ^ T^^\ Since 
we have ^ 74, as required. □ 

Remark 1.6. The proof of Lemma [2.21 below shows that the reason behind 
the existence of 3-torsion in the additive group of Z(X)/T(^) is the Jacobi 
identity. For this reason one might expect the structure of the additive group 
of Z(X)/T(") for arbitrary n > 4 to be similar to that of Z{X) /T^^\ that 
is, there should be an ideal /("^ C Z{X) such that T^") C the quotient 
being an elementary abelian 3-group (possibly trivial for some n) 
and the additive group of Z(X)//('") being free abelian. This might also 
suggest that the counter-example to Conjectures 5.2 and 5.3 of [2] given in 
Proposition II . 51 is in a certain sense exceptional, and that it may be possible 
to modify the conjectures slightly so that they would be true. 
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2. Proof of Theorem 1.1 

The following lemma is well-known (see, for instance, [5i Theorem 3.4], 
[71 Lemma 1], [U Lemma 2]) but we prove it here in order to have the paper 
more self-contained. 

Lemma 2.1. For all ai, . . . & 7j{X), 

(1) [ai,a2,a3][a4,a5] + [ai,a2,a4][a3,a5] G T^^^, 

[01,02,03] [04, as] + [01, 04, 03] [02, 05] G T^^K 
Proof. Since [o, be] = b[a, c] + [o, b]c, [ab, c] = a[b, c] + [a, c\b, we have 

[01,02,0304,05] = [03[0i,02,04] + [0i,02,03]04,05] 
= 03 [Oi , 02 , 04 , 05] + [03 , 05] [Oi , 02 , 04] + [Oi , 02 , 03] [04 , 05] + [Oi , 02 , 03 , 05] 04 . 

It is clear that [01,02,0304,05], 03 [oi, 02, 04, 05], [oi, 02, 03, 05]a4 G T^^^ so 
[03,05][ai,a2,a4] + [oi, 02, 03][o4, 05] G T^^\ Further, [[oi, 02, 04], [03, 05]] = 
[01,02,04,03,05] - [01,02,04,05,03] G T^^^ so 

[01,02, 03] [04, 05] + [01,02, 04] [03, 05] 

= [03, a5][«i, 02,04] + [01,02, 03] [04, as] + [[01,02,04], [03,05]] G r(^\ 

as required. 
Note also that 

[05,0204,01,03] = [a2[o5,a4] + [as,02]a4, 01,03] 

= [o2[o5, 04,01] + [02,01] [05,04] + [05, 02] [04,01] + [a5,a2,ai]o4,a3] 
= 02 [05, 04, oi, 03] + [02, 03] [os, 04, oi] + [02, oi] [05, 04, 03] + [02, oi, 03] [05, 04] 
+ [os , 02] [04 , oi , 03] + [os , 02 , 03] [04 , oi] + [05 , 02 , oi] [04 , 03] + [05 , 02 , oi , 03] 04 . 

It is clear that [05, 0204, oi, 03], a2[os, 04, 01,03], [05, 02, oi, 03]a4 G T^^\ Also, 
by (HI), [02, 03] [05, 04, 01] + [o2,oi][o5,04,03] G r(^) and [05, 02, 03] [04, oi] + 
[05, 02, oi] [04, 03] gT^'^). It follows that [02, 01,03] [05, 04] + [a5, 02] [04, 01,03] G 
T^^\ therefore [oi, 02, 03] [04, 05] + [oi, 04, 03] [02, 05] G T^^\ as required. □ 

The following lemma is also well-known (see, for instance, [5], [7', Lemma 
1], P Lemma 1]). 

Lemma 2.2. For all ai, ... ,05 G we have 3 [oi, 02, 03] [04, 05] G T^^^ . 

Proof. It is clear that if cr = (12) or a = (45) then, for all oi, . . . , 05 G 7L{X)^ 

[Oi, 02, 03] [04, 05] = -[o^(i),a^(2),0^(3)][o^(4),a^(5)]. 

On the other hand, if o" = (34) or o" = (24) then, by Lemma l2. 11 

[oi , 02 , 03] [04 , 05] = - [o<^(i) , 0^(2) , 0,^(3) ] [a^(4) , 0^(5) ] (mod T^^^^ ) . 
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Since the transpositions (12), (45), (34) and (24) generate the entire group 
5*5 of the permutations of the set {1, 2, 3, 4, 5}, for all a G we have 

(2) [ai,a2,a3][a4,a5] = sgn(cr)[a^(i) , a^(2) , a„(3)]K(4) , «t7(5)] (mod T^*^)). 
Now note that, by the Jacobi identity, 

[01,02,03] [04, 05] + [02, 03,01] [04, 05] + [03, 01,02] [04, 05] = 0. 

By ([2]), this equality implies 3 [oi, 02, 03][o4, 05] G T^^) for all oi,...,05 G 
as required. □ 

Remark 2.3. It is known (see, for instance, [9", Lemma 1]) that 

[01,02, 03] [04, . . . , On, On+lJ 

= sgn(cj)[o^(i), 0^(2), 0^(3)] [04, . . . ,o„,o^(„+i)] (mod T^")) 

for each n > 4, all Oj G 7L{X) and all permutations a of the set {1, 2, 3, (n + 
1)}. The proof is similar to that of ([2]). It follows that 

3 [01,02, 03] [04, . . . ,o„,o„+i] G T^") 
for all n > 4 and all Oj G 7L{X). 

By Lemma 12.21 we have 3v G T^. To prove Theorem 11.11 it remains to 
prove the following. 

Lemma 2.4. v ^ T'^^\ 

Recall thatXs = {xi, 3:2, 3:3, X4, X5} (ZX,'L{X^) (l'L{X),Tf' =Z{X^)r\ 
T^^\ Note that v = [xi, X2, X3] [3:4, X5] G Z{X^). Let / be the ideal of ^(Xs) 
spanned by all monomials Xi-^^Xi^ ■ ■ ■ Xi,. (1 < ii,i2, ■ ■ ■ ,ik < 5) such that 
ir = is for some r 7^ s. In particular, if A; > 5 then xi^Xi^ ■ ■ - Xi^ G /. The 
following proposition will be proved in the next sections. 

Proposition 2.5. v ^ T^^^ + /. 

Lemma 12.41 is an immediate corollary of Proposition 12.51 and Theorem 11.11 
follows immediately from Lemmas 12.21 and 12.41 This completes the proof of 
Theorem 1 1 . 1 1 provided that Proposition 12.51 is proved. 

3. Auxiliary results 

Let Pn {n < 1) be the subgroup of the additive group of generated 
by all monomials which are of degree 1 in each variable xi, . . . , x„ and do not 
contain any other variable. Then P„ is a free abelian group of rank n!. Let 
L{X) be the free Lie ring on the free generating set X, L{X) C 7L{X). Define 
Vn = L{X) n Pn- The following lemma is well known (see, for instance, O 
Exercise 4.3.8]). 

Lemma 3.1. For each n > 1, Vn is a free abelian group with a basis 

(3) \ [xn,Xi^,.. . ,Xi„_J I {ii,.. . ,in-i} = {1,2,. . . ,n - 1}1. 
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Proof. It can be easily proved using the Jacobi identity that the commuta- 
tors of ([3]) generate Vn as a subgroup of the additive group of Z{X). On the 
other hand, the leading term (in the lexicographic order) of the commutator 
[xn, Xij^, . . . , Xj„_J is the monomial . . . Xi„_j^. Hence, distinct commu- 

tators of ([3]) have distinct leading terms. It follows that the elements of ([3]) 
are linearly independent so they form a basis Vn- □ 

Let Wi be the subgroup of the additive group of ^(Xs) generated by all 
elements Xi-^[xi^, Xi^, Xi^, Xi^] and let W2 the subgroup generated by the ele- 
ments [xi-^ , ) , Xi^ , XjrJ and [xj^ , Xi^ , Xi^] [x^^ , Xi^ ] where {ii, ^2, ^3) ^5} = 
{1,2,3,4,5}. Note that 

so [a;j^,Xi2][xi3, G W2. 

Lemma 3.2. 1^10 11/2 = 0. 

Proof. Let VF^^^ (1 < J < 5) be the sub group of Wi generated by the 
elements Xj[xi^,Xi^,Xi^,Xi^] where {j, ^2, ^3, ^5} = {1;2,3, 4, 5}. It is clear 
that Wi = wi^^ ®---®wi^\ 

Let Vi be the endomorphism of 7L{X) defined by Vi{xi) = 1, yi{xj) = xj 

for ah j ^ i. It is clear that Vi{W2) = and Vi{w[^'') = for aU j / 

i. On the other hand, H Ker = 0. Indeed, suppose in order to 

simplify notation that i = 1. Then it follows easily from Lemma l3.ll that 

the set Ci = ^xi[x5,Xi^,Xi.^,Xi^] \ {^21^3,^} = {2,3, 4}| is a basis of the 

free abelian group W^''^''. On the other hand, by the same lemma, the set 

z^i(Ci) = ^[x5,Xi2,Xi^,Xi^] I {^21^35^} = {2,3, 4}| is linearly independent. 

It follows that W^^^ n Ker ui = 0, as claimed. If i > 1 then the proof is 
similar. 

Now we are in a position to complete the proof of Lemma 13.21 Suppose 
that / G Wi nW2. Since / G W2, we have / G Ker Vi for ah i. On the 
other hand, / G Wi so / = /i + • • • + /s where fi G . For each i we 
have fi G Ker Vi because / G Ker and fj G Ker z/j for all j 7^ i. Since 

^ n Ker Ui = 0, we have fi = 0. Thus, / = so VFi n 1^2 = 0. The proof 
of Lemma 13.21 is completed. □ 

Let 

Bi = ^[x5,Xi^,Xi^,Xi^,Xi^] I {11,12,13,14.} = {1,2,3,4}|, 
^2 = |[xii,Xj2,Xi3][x5,XiJ I {ii,i2,i3,H} = {l,2,3,4},zi > 12, 
B3 = ^[xi^,Xi^][x5,Xi^,Xi^] I {ii,i2,i3,u} = {l,2,3,4},zi > i2^ 
and let = Si U ^2 U B3. 
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Lemma 3.3. W2 is a free ahelian group with a basis B. 

Proof. It can be easily seen that B C W2 and B generates W2 as a subgroup 
of the additive group of ^{X^). On the other hand, the leading monomials 
(in the lexicographic order) of distinct elements of B are distinct so the 
elements of B are linearly independent. The result follows. □ 

Let (f) : '^{X^) — )• 'Ij{X^)/I be the natural epimorphism, 4>{f) = f + I for 
ah / G Z(X5). Let W = Wi + W2 and let U = (^{W), Ui = 4>{Wi) {i = 1, 2). 
Then Ker (/> n = so <i)\^i : W ^ U IS a.n isomorphism. Hence, Lemmas 
and 13.31 imply the following assertions. 



Corollary 3.4. C/i n C/2 = 0. 

Corollary 3.5. U2 is a free ahelian group with a basis {b + I \ b B}. 

4. Proof of Proposition 2.5 

It is clear that the additive group of the ring 1j{X^) is a direct sum of the 
subgroups Ri {i > 0) generated by the monomials of degree i, 



i>0 

It is also clear that Tg^^ is generated as a subgroup of the additive group 
of ^(Xs) by the polynomials ai[a2, a^, a^, a^]aQ where (1 < i < 6) are 
monomials. It follows that T^^^ n Ri is generated as an additive group by 
the polynomials above such that Ylj=i deg(aj) = i. 

Let Ri = {Ri + /)//, T^^ = {T^^^ + /)//. It is clear that ZiX^)/! = 

Ro eRi e ... ®R5, T^^^ = (i?4 n rf) e (R^ n tI^^) and R5 n r^"^^ is 

generated as a subgroup of the additive group of Z{Xq)/I by the elements 
oi[a2, as, a4, a^ja^+I where Oi [1 < i < 6) are monomials and Yl^=i deg(aj) = 

— — (4) 

5. It follows that i?5 n is generated as an additive group by 
(4) 

where {ii, ^2, ^3, «4, ^5} = {1,2,3,4,5}. 

— — (4) 

We claim that R^ n T5 is generated as an additive group by the elements 

and 
(6) 

Indeed, it is straightforward to check repeating the calculations of the proof 
of Lemma 12.11 that all elements (jl]) belong to the additive group generated 
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by ([5]) and ([6]). On the other hand, it is clear that ah elements ([5]) belong 

to R5 riT^^\ By Lemma EH ah elements ([6]) belong to i?5 n Tg"^^ as weU. 

Therefore, the elements ([5]) and ([6]) generate R5 D Tf\ as claimed. 

Recall that Ui = </>(Wi) = {Wi + /)// (i = 1,2), U = Ui + U2. Since 

i?5 n is generated by the elements ([5]) and ([6|) , we have ^5 n T^^^ C U. 

Let U2 be the subgroup of U2 generated by all elements [xj^ , Xi2,Xi^,Xi^,Xi^] + 
I. It follows easily from Lemma |3. II that C/g is a free abelian group and the 
set {6 + / I 6 € /Bi} is a basis of 1/2- Then, by Corollary 13.51 U2/U2 is a free 
abelian group with a basis formed by the images of the elements of B2 and 

Note that U/{Ui + Ul,) = {Ui + U2)/{Ui + U!^) ~ [/2/(t/i + C/^) n U2. 
By Corollary E31 (i/i + U^) n C/2 = C/^ so C//(C/i + U^) ~ i/a/?/^. Hence, 
U/{Ui + ?72) is a free abelian group with a basis formed by B2 U B3 where 
Bj ={b+ {Ul + U^)\be Bj} (j = 2, 3). 

Note also that Ui,U'2 C -R5 H T5^\ Since C/i + U2 is generated by the 

elements ([5|) and i?5 n T^^^ is generated by the elements ([5|) and ([6]), the 

quotient group (i?5 H T^^^ ) / {Ui + U2) is generated by the images of elements 

m- 

Let H be the free (additive) abelian group freely generated by the set 

} = {1,2,3,4,5}}. 
Define a homomorphism ip : H ^ U /(Ui + U2) by 

Let Q be the subgroup of H generated by the elements 

^ni2«3«4«5 ~^ ^j2n*3*4*5' ^il«2*3*4«5 "I" ^il«2*3«5«4' ^«li2*3*4i5 "I" ^«2*3«1*4*5 "I" ^i3*l*2«4«5' 

Lemma 4.1. Ker ip = Q. 

Proof. It can be easily seen that V'CQ) = so Q C Ker ■0. Therefore, one 
can define a homomorphism •i/^ : -ff/Q ~^ U/{Ui + C/2) t)y + Q) = V'(^) 
for each h H. Let 

C2 = j/liiiaisSM + Q I {il,^2,i3,^4} = {1, 2, 3, 4}, ii > 12, 
Cs = |/l5i3i4iij2 + Q I {n,«2,«3,«4} = {l,2,3,4},ii > ^2}. 

and let C = C2 U C3. It can be easily checked that, modulo Q, each element 
hiii2izui5 can be written as a linear combination of elements of C so the 
quotient group H/Q is generated by the set C. Note that ipiCj) = Bj 
(j = 2,3); hence, is a basis of the free abelian group U/{Ui + C/g). It 
follows that Ker tp = Q so Ker ip = as required. □ 

Let P be the subgroup of H generated by Q together with all elements 
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Recall that (R^r\Tf^) / {Ui + 1/2) is generated by the images of the elements 
dl]), that is, by the images of [xii,Xi^,Xi^][xi^,Xi,^ + [xi^,Xi2,Xi^][xi^,Xi^] + 1 

{1,2,3,4,5}. These images coincide with V'(^jij2«3*4*5 

+ 

hiiui-j,i2h) ^ respectively; since Q C P, we have P = ^p~^(^{R5 fl r5^^)/(C/i + 

To complete the proof of Proposition 12.51 we need the following. 
Lemma 4.2. /112345 ^ P- 

Proof. Let fj, : H ^ 7j he the homomorphism of if into Z defined by 

KhhiiisiAis) = sgn(o-) 
where a = ( ^ ^ ^ ^ ] ■ Then 

\^ Zl Z2 «3 «4 ^5 / 
A'C^il j2j3*4«5 "I" ^i2«l«3*4«5) ~ /^(^ni2i3*4i5 ~l~ ^n«2«3«5*4) 

and 

so /u(P) = 3Z. On the other hand, /^(^i2345) = 1 ^ 3Z so /ii2345 ^ -P- D 
Now we are in a position to complete the proof of Proposition 12.51 Let 

be the natural epimorphism and let 

Then Ker = -0"^ ((i^s nTj''V(f^i + ^^2)) = P- I* follows from LemmaHJ 

that V^(/ii2345) / 0, that is, [xuX2,X3][xi,x^] + {R^nrf) / (fig nT^"*^). 

Hence, v + /= [xi, X2, 2;3][x4, X5] +1 ^ {Rf,{^T^^^). Since f + 1 G iJs , we have 

t; + / ^ Tg^^ = (Tg^^^ + /)//, that is, v ^ T^"^^ + I. The proof of Proposition 
12.51 is completed. 

5. Proof of Theorem 1.3 
Let Q be the field of rationals and let Q(X) be the free unitary associative 

f3 2) 

Q-algebra on the free generating set X, C Q.{X). Let Tq be the 

ideal in Q(X) generated by all elements [ai, 02, 03] [04, 05] and [ai, 02, ^3; ^4] 
where G It is clear that r(3.2) c T^'"^^ n Z(X). 

The idea of the proof of Theorem 11.31 is similar to one used in {2j to 

prove that the additive group of 'Z{X) /T^^^ is free abelian. We will define 

(3 2) 

a certain set V C Z(X) and prove that, on one hand, {d + TX \ d ^ V} 
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is a Q-basis of (Q{X)/T^'^^ and, on the other hand, {d + T^^'S) \ d £ V} 
generates the additive group of Z{X)/T^^'^\ Then {d + T^^-S) | d G P} is a 
hnearly independent generating set of the additive group 

of z(x)/r(3.2) 

so 

this additive group is free abeUan (with a basis {d + T^^'^^ | d € T)}). 

The fohowing lemma is well-known (see [SJ Theorem 4.3], [7j Lemma 1], 
[SI Lemma 3], [9| Theorem 1]). 

Lemma 5.1. For all ai, . . . ,aQ G ^{X) , 

(3 2) 

[01,02] [03 , 04] [05 , ae] + [ai , 03] [«2 , 04] [05 , oe] ^ ' • 
Proof. We have 

[0104, 02,03] [05,05] = [ai[o4,a2] + [ai,02]a4, 03] [05,05] 

= (0i[04,02,03] + [01,03] [04, 02] + [01,02] [04, 03] 

+ [ai,a2,a3]o4)[o5,06] G T^''^^ ■ 
Since [0104, 02, 03][o5,06] G Tq ' , ai[a4, 02, a3][a5, oe] G ' and 

(3 2) 

[01,02, 03] 04 [05,05] = a4[oi,02,a3][o5,06] + [01,02, 03, 04] [05,05] eT^' 
we have 

/o 2) 

[oi , 02] [03 , 04] [05 , oe] + [oi , 03] [02 , 04] [05 , oe] G ?q ' , 
as required. □ 

Since [61, 62][&3, 64] = [63, &4][6i, 62] (mod T^'^^) for all 61, 62, 63, &4 G Q{X), 
Lemma 15.11 implies the following. 

Corollary 5.2. For all k > 3, all a £ S2k and all oi, . . . ,02fc G Q{X), we 
have 

(7) [0l,02][03,04] . . . [02fc-l,02fc] 

= sfi'n(cr) [0^(1), 0^(2) ][o<^(3), 0^(4)] . . . [o^(2fc_i),o<^(2fc)] (mod ' '). 

Note that the argument above shows also that the congruence ([7]) holds in 
Z{X) modulo r(3.2). 

Let C be the unitary subalgebra in Q{X) generated by all commutators 
[xjj ,Xi2, . . . , Xi^] where A; > 2, G N for all s, Xi € X for all i. Let 

= {1}, T^'i = {[xi^,Xi^] \ ii < 12}, = {[xi^,Xi^,Xi^]\ii <i2,ii <i3}, 

^3 = {[xh,Xi^][xi^,Xi^] I ii < 12,1-3 < U,ii < is; if k = h then 12 < u}, 

^4 = {[xh,Xi2][xi,_^,Xi^] . . . [a;i2fc_i,a:i2fc] | A; > 3, ii < ^2 < ■ ■ ■ < «2fc}- 

Let P' = U U ^2 U 1^3 U P4. 

In the proof of the next lemma we make use of a result proved in [7] and 
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(3 2) 

Lemma 5.3. The set {d' + T^'' ' \ d' G V'} is a basis of the vector space 

Proof. Note first that C is spanned by the set V modulo Tq ' . 

Indeed, it is clear that C is spanned by 1 and the products ciC2 ■ ■ ■ Cm i'm > 
1) where each q is a commutator of length k{l) > 2, ci = [xj, ^ , x^^ , • • • , ] . 

Note that CiCj = CjCi (mod ' ) for all Further, if, for some /, 

(3 2) 

ci is a commutator of length k{l) > 4 then ciC2---Cm G Tq . If, for 
some /, Q = [xij-^,Xi^2,Xi^^] is a commutator of length 3 and m > 1 then 
again ciC2 ■ ■ ■ Cm £ It follows that (C + T^''^^)/T^''^^ is spanned 

by 1, the commutators [xi^,Xi^,Xi.^] + Tq [ig G N) and the products 

ciC2 ■ ■ ■ Cm + Tq''^^ where m > 1 and each q is a commutator of length 
2. 

It is clear that in a generator [xi-^^,Xi^] + T^^'^^ of (C + T^''^^)/T^''^^ we 

(3 2) 

can assume ii < 12- Similarly, in a generator [xi-^,Xi2.,Xi^] + T^, we may 

assume zi < ^1 < ^3 and in a generator [xi^,Xj2][xj3,Xj4] + we may 

assume that ii < ^2, ^3 < H and ii < 13; if ii = is we may also assume 
*2 < *4- Finally, it follows immediately from ([7|) that in a generator 

+ 4'''^ (A;>3) 

we can assume ^i < ^2 < *3 < • • • < *2fc- Thus, the set {d' + \ d' G V'} 

spans the vector space (C + T^''^^)/T^''^^ over Q, as claimed. 

Now to prove Lemma 15.31 it remains to check that the set {d' + | 

(3 2) 

d' G P'} is linearly independent in Q{X)/Tq ' . 

Let R{mi,m2, ■ ■ ■ ,mk) {k > 0, > if A; > 0) be the linear span in 
Q(X) of all monomials Xj^ . . . Xj^ that contain mi variables xi, m2 variables 
X2, . . . , m-fc variables Xk and do not contain any other variable. A polynomial 
/ G Q(^) is called multilinear if / G i?(mi, . . . , m^) where k > and 

rui G {0, 1} for all i. It follows from [71 Lemma 3] or from O Theorem 1] 

(3 2) 

that the multilinear elements of V are linearly independent modulo 7q • 
Hence, it remains to prove that each non-multilinear element of V is not 
equal, modulo Tq''^\ to a linear combination of other elements of D'. 
Note that Q{X) is a direct sum of the vector subspaces R{mi,m2, . . . , m^,) 

(3 2^ 

(/c > 0, rrifc > if /c > 0) and Q{X)/T^' ' is a direct sum of the subspaces 

{R{mi,m2, . . . ,mk) + Tq''^^ )/Tq''^\ The non-multilinear elements of V are 
as follows: 

(1) [xi-^^,Xi2,Xi^] G V2 where ii < i2 and either ^3 = ii or i^ = i2] 

(2) [xj^ , Xjjlixjg, Xj^] G P3 where ii < i2, is < i^ and either ii = i^, 
Z2 < i4 or ii < is, i2 = is or ii < is, 12 = ii- 



THE ADDITIVE GROUP OF A LIE NILPOTENT ASSOCIATIVE RING 11 

Each non-multilinear element d! above is the only element of T>' that belongs 
to the corresponding term R{mi, . . . ,m.fc). Hence, to prove that this non- 
multilinear element d' is not a linear combination of other elements of D' 
modulo Tqf '^^ it suffices to check that d' is not equal to modulo T^''^^ , that 

is, d'^Ti^'''\ 

(3 2) 

If d' G then d' ^ because the elements of V'2 are of degree 3 and 

Tq^'^-* does not contain non-zero polynomials of degree less than 4. Therefore, 

(3 2) 

it remains to check that d' ^ the non-multilinear elements of 

P3. Since the ideal T^'"^^ is invariant under permutations of the set X = 
{xi,X2, . . . } of variables, it suffices to check that [xi, X3] [x2, X3] ^ and 

Suppose, in order to get a contradiction, that [xi, X3] [x2, 3:3] € • 
Then [xi, X3 + x^] [^2,^3 + x^] G r^^'^-* so 

[xi,X3 +X4][X2,X3 +X4] - [X1,X3][X2,X3] - [xi , X4] [x2 , X4] 

= [X1,X3][X2,X4] + [X1,X4][X2,X3] G T^^'^^ 

However, [xi, X3][x2, X4] + [xi, X4] [x2, X3] is a sum of 2 multilinear elements of 
P' and, as it was mentioned above, the multilinear elements of D' are linearly 
independent modulo T^''^\ This contradiction shows that [xi, X3][x2, X3] ^ 

T^''^\ One can prove in a similar way that [xi,X2]^ ^ ^q^'^'* ^■s well. 

This completes the proof of Lemma 15.31 □ 

An ideal T in Q(X) is called a T -ideal if 0(r) C T for all endomorphisms 
(/) of Q{X). It is clear that T^'^'^ is a T-ideal in Q{X). The following 
assertion is a particular case of a result due to Drensky see also [3l 
Theorem 4.3.11]. 

Theorem 5.4 (^). Let T be a T-ideal in Q{X) and let £ C Q{X) be a set 
such that {e + T \ e £ £} is a basis of the vector space (C + T)/T over Q. 
Then the set 

{xi^Xi^ . . . Xi^e \ k >0,ii < i2 < ■ ■ ■ <ik,e e £} 
is a Q-basis ofQ{X)/T. 
Let 

V = {xijXij . . . Xi^d' \ k>0,ii<i2<---<ik,d'e T>'}. 
By Theorem 15.41 Lemma 15.31 implies the following. 

Corollary 5.5. The set {d + T^^'^^ \deV} is a basis of Q{X) /T^''^'^ over 
Theorem 11.31 is an immediate corollary of the following assertion. 
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Lemma 5.6. The additive group of the quotient ring 7L{X) jT^^"^^ is a free 
abelian group with a basis {d + T^^'^) | d G P}. 

Proof. It is straightforward to check that, modulo T^^''^\ each element of 
7L{X) can be written as a linear combination of elements of T). Hence, the 
set{d + r(3'2) I d e P} generates the additive group of Z(X)/r(3.2). 

On the other hand, by Corollary 15.51 the elements of T) are linearly inde- 
pendent modulo T^^'^^ nZ(X). Since T^^.s) c r^^'^Mz(X), the elements of 
P are linearly independent modulo T^'^'^) as well (and, since they generate 
modulo r(3.2), we have r(3'2) = T^^'^^ n 

Thus, the set {d + T^^-S) \d^V} is a linearly independent generating set 
of the additive group 

of Z(X)/r(3'2) so the latter group is free abelian with 
a basis + T^^.s) \d^v\. □ 

The proof of Theorem 11.31 is completed. 

6. Proof of Proposition 1.4 

Let 

S = {[xj^,Xj^,Xj.,][xj^,Xj^] \ ji < 32 < h < k < is} 
and let /(^'2) be the ideal in Z{X) generated by S. 
Lemma 6.1. r(3'2) = + /(3,2) . 

Proof Since S C T^^^^\ we have T^^) + J^^'^) c T^^'^K Hence, it remains 
to check that T(3'2) c t^^) + /{3,2)_ 3^^^^,^^ modulo T^^), the ideal T(3'2) ig 
generated by the elements [ai, 02, as] [04, 05] (aj G Z(X)), it suffices to check 
that [ai, 02, as] [04, 05] G T^^) -|-/(3,2) £qj, g^^j ^^.^ Clearly, one can assume that 
are monomials. 

We use induction on degree of the polynomial / = [ai, 02, as] [04, as]. If 
Yl^=i deg aj = 5 then / = [xi^, Xi^, Xi.^][xi_^, Xi,J. If n, . . . ,^5 are all distinct 
then, by dSD, / = s (mod T^) for some s G S* so / G +l(3'2). Jf, on the 
other hand, ik = ii for some k ^ I then, by ([2]), / = — / (mod T^^^), that is, 
2/ G r(^). Since, by Lemma [221 3/ G T^^), we have / G T'^'^I 

Now suppose that Ylt=i deg Oi = k > 5. Suppose that for all monomials 
61, . . . , 65 G Z(-'^) such that X]i=i deg 6j < it has been already proved that 
[bi,b2,b3][bA,b5] G + I^^-^). For some i, 1 < i < 5, we have Ui = a'X 
where deg a'^ , deg a'- < deg Oi . By ([2]) , we may assume without loss of 
generality that i = 5. Then 

[ai, 02, as] [04,05] = [ai, 02,03] [04,0505] = [oi, 02, 03]o5[o4, Og] 

+ [01,02,03] [04, 05]05 = 05[0i,02,03][04,05] + [0i,02,0s][04,05]05 (mod T^^^). 

By the inductive hypothesis, [oi, 02, os][o4, 05], [oi, 02, 03] [04, 05] G T^^) + 
so [01, 02, 03] [04, 05] G T^"^) + /(3,2)^ required. □ 
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Let : Z{X) ^(^4) be the projection such that ^(xj) = Xj if « < 4 
and ^{xi) = otherwise. Note that ^(r(3.2)) = rf ,2)^ ^{T^^)) = rf ). Since 
^(5) = 0, we have ^(/(^'^)) = so, by Lemma [GTTl 

yj3,2) ^ ^^^(3,2)) ^ ^(^(4) ^ ^(3,2)) ^ ^(^(4)) ^ ^(^(3,2)) ^ ^(^(4)) ^ ^j4) _ 

It fohows that T^'^^ = Tjn'' for ah m such that 2 < m < 4. The proof of 
Proposition 11.41 is completed. 
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